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D license.1. Introduction
Nanotechnology is considered as a signiﬁcant factor effecting
the next major industrial revolution of the current century.
Many researchers over the past decade have focused onmodeling the thermal conductivity and examined different vis-
cosities of nanoﬂuid because the thermal conductivity of these
ﬂuids play an important role on the heat transfer coefﬁcient
between the heat transfer medium and the heat transfer
surface. Therefore, numerous methods have been taken to
improve the thermal conductivity of ﬂuid by suspending
nano/micro sized particles/materials in basic ﬂuids such as
oil, water and ethylene glycol mixture which are poor heat
transfer ﬂuids [1–4].
It is worth mentioning that the boundary layer ﬂow of
nanoﬂuids have been recently considered by several authors.
Khan and Pop [5] analyzed the development of steadyicense.
Nomenclature
B0 magnetic ﬁeld strength
M magnetic parameter
T local temperature of the ﬂuid
Pr Prandtl number
Re1=2x Cf reduced skin friction coefﬁcient
Re1=2x Nux reduced Nusselt number
knf thermal conductivity of the nanoﬂuid
kf thermal conductivity of the base ﬂuid
ks thermal conductivity of the nanoparticles
u; v velocity component in x and y direction
x; y coordinates along and perpendicular to the sheet
r electric conductivity
/ the solid volume fraction
qnf the effective density of the nanoﬂuid
qf density of the pure ﬂuid
qs density of the nanoparticles
lnf effective dynamic viscosity of the nanoﬂuid
lf dynamic viscosity of the basic ﬂuid
g space variable
w stream function
anf thermal diffusivity of the nanoﬂuid
Figure 1 A sketch of the physical model.
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fraction over a linear stretching surface in a nanoﬂuid. Ahmed
and Pop [6] studied the steady mixed convection boundary
layer ﬂow past a vertical ﬂat plate embedded in a porous med-
ium ﬁlled with nanoﬂuids using different types of nanoparticles
such as Cu, Ag, Al2O3 and TiO2. Kuznetsov and Nield [7]
investigated the classical problem of free convection boundary
layer ﬂow of viscous and incompressible ﬂuids past a vertical
ﬂat plate to the case of nanoﬂuids. In recent years several
numerical studies on the modeling of heat transfer in nanoﬂ-
uids have been published by many authors [8,9].
The study of magnetic ﬁeld effects has important applica-
tions in physics, chemistry and engineering. Many metallurgi-
cal processes involve the cooling of continuous strips or
ﬁlaments by drawing them through a quiescent ﬂuid and that
in the process of drawing, these strips are sometimes stretched.
Mention may be made of drawing, annealing, and thinning of
copper wires. In all these cases, the properties of the ﬁnal prod-
uct depend to a great extent on the rate of cooling by drawing
such strips in an electrically conducting ﬂuid subject to a mag-
netic ﬁeld and the characteristic desired in the ﬁnal product. In
view of these applications many authors have investigated the
magnetic ﬁeld effect on ordinary and visco-elastic ﬂuids. Very
recently, Hamad [10] studied the effect of magnetic ﬁeld over a
stretching sheet in nanoﬂuids analytically. Keeping this in
mind we obtained a numerical solution for the convective heat
transfer of an incompressible viscous nanoﬂuid ﬂow over a
semi-inﬁnite stretching sheet in the presence of magnetic ﬁeld
effect using lie symmetry group transformation.
2. Formulation of the problem
Consider the steady laminar two-dimensional ﬂow of an
incompressible viscous nanoﬂuid over a linearly semi-inﬁnite
stretching sheet. We also consider inﬂuence of a constant mag-
netic ﬁeld of strength B0 which is applied normally to the sheet
(see Figure 1). The temperature at the stretching surface takes
the constant value Tw, while the ambient value, attained as y
tends to inﬁnity, takes the constant value T1. The ﬂuid is a
water based nanoﬂuid containing different types of nanoparti-
cles: Copper (Cu), Alumina (Al2O3), Silver (Ag) and Titanium
Oxide (TiO2). It is assumed that the base ﬂuid and the nano-
particles are in thermal equilibrium and no slip occurs between
them. The thermo physical properties of the nanoﬂuid are con-
sidered as given in Table 1 (see Hamad [10]). Under the aboveassumptions, the boundary layer equations governing the ﬂow
and concentration ﬁeld can be written in the dimensional form
as
@u
@x
þ @v
@y
¼ 0 ð1Þ
u
@u
@x
þ v @u
@y
¼ lnf
qnf
 
@2u
@y2
 rB
2
0u
qnf
ð2Þ
u
@T
@x
þ v @T
@y
¼ anf @
2T
@y2
ð3Þ
where x is the coordinate along the sheet, u is the velocity com-
ponent in the x direction, y is the coordinate perpendicular to
the sheet, v is the velocity component in the y direction, B0 is
the constant magnetic ﬁeld strength, T is the local temperature
of the ﬂuid, anf is the thermal diffusivity of the nanoﬂuid, qnf
is the effective density of the nanoﬂuid, lnf is the effective
dynamic viscosity of the nanoﬂuid, (qCp)nf is the heat
capacitance and knf is the thermal conductivity of the
nanoﬂuid are given as
qnf ¼ ð1 /Þqf þ /qs; lnf ¼
lf
ð1 /Þ2:5 ð4Þ
ðqCpÞnf ¼ ð1 /ÞðqCpÞf þ /ðqCpÞs ð5Þ
knf ¼ kf ks þ 2kf  2/ðkf  ksÞ
ks þ 2kf þ 2/ðkf  ksÞ
 
ð6Þ
Here, / is the solid volume fraction.
Table 1 Thermo-physical properties of water and nanoparticles [10].
q (kg/m3) Cp (J/kg K) k (W/mK) b · 105 (K1)
Pure water 997.1 4179 0.613 21
Copper (Cu) 8933 385 401 1.67
Silver (Ag) 10,500 235 429 1.89
Alumina (Al2O3) 3970 765 40 0.85
Titanium Oxide (TiO2) 4250 686.2 8.9538 0.9
306 N. Vishnu Ganesh et al.The boundary conditions of Eqs. (1)–(3) are
u ¼ uwðxÞ ¼ ax; v ¼ 0; T ¼ Tw at y ¼ 0
u! 0; T! T1 as y!1
ð7Þ
where lf is the dynamic viscosity of the basic ﬂuid, qf is the
density of the pure ﬂuid, (qCp)f is the speciﬁc heat parameter
of the base ﬂuid, kf is the thermal conductivity of the base
ﬂuid, qs is the density of the nanoparticles, (qCp)s is the speciﬁc
heat parameter of the nanoparticles, ks is the thermal conduc-
tivity of the nanoparticles and a is a constant.
By introducing the following non-dimensional variables
x ¼ xﬃﬃﬃ
vf
a
q ; y ¼ yﬃﬃﬃ
vf
a
q ; u ¼ uﬃﬃﬃﬃﬃﬃ
vfa
p ; v ¼ vﬃﬃﬃﬃﬃﬃ
vfa
p ; h ¼ T Tw
Tw  T1
ð8Þ
Eqs. (1)–(3) take the following non-dimensional forms
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with the boundary conditions
u ¼ x; v ¼ 0; h ¼ 1 at y ¼ 0
u! 0; h! 0 as y!1 ð12Þ
where Pr ¼ vfaf is the Prandtl number and M ¼
rB2
0
aqf
is the mag-
netic parameter.
By introducing the stream function w, which is deﬁned as
u ¼ @w
@y
and v ¼  @w
@x
, then the Eqs. (10) and (11) becomes
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@2w
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and the corresponding boundary conditions (12) becomes
@w
@y
¼ x; @w
@x
¼ 0; h ¼ 1 at y ¼ 0
@w
@y
! 0; h! 0 as y!1
ð15Þ3. Lie symmetry groups
The symmetry groups of Eqs. (13) and (14) are calculated
using the classical Lie group approach. The one-parameterinﬁnitesimal Lie group of transformations leaving (13) and
(14) invariant is deﬁned as
x ¼ xþ f1ðx; y;w; hÞ; y ¼ yþ f2ðx; y;w; hÞ
w ¼ wþ l1ðx; y;w; hÞ; h ¼ yþ l2ðx; y;w; hÞ
By carrying out straightforward but tedious algebra, we ﬁ-
nally obtain the form of the inﬁnitesimals as
f1 ¼ C1xþ C2; f2 ¼ gðxÞ
l1 ¼ C1wþ C3; l2 ¼ C1h
ð16Þ
where g(x) is an arbitrary function. The inﬁnitesimal genera-
tors are
X1 ¼ x @
@x
þ gðxÞ @
@y
þ w @
@w
þ h @
@h
X2 ¼ @
@x
þ gðxÞ @
@y
; X3 ¼ gðxÞ @
@y
þ @
@w
ð17Þ4. Reduction to ordinary differential equations
In this section, the generator X1 with g(x) = 0 is taken. The
characteristic equations are
dx
x
¼ dy
0
¼ dw
w
¼ dh
h
Then, the dependent and independent similarity variables
are
g ¼ y; w ¼ xFðgÞ; h ¼ hðgÞ; ð18Þ
which is known as similarity transformations.
Employing the above similarity transformations, Eqs. (13)
and (14) reduce to the following non-linear ordinary differen-
tial equations
F000 þ ð1/Þ2:5 1/þ/ qs
qf
 	 

ðFF00 F02ÞMF0
 
¼ 0 ð19Þ
knf
kfPr
 
1
ð1/Þþ/ ðqCpÞsðqCpÞf
 h00 þFh0 ¼ 0 ð20Þ
subject to the boundary conditions (15) becomes
F ¼ 0; F0 ¼ 1; h ¼ 1 at g ¼ 0
F0 ! 0; h! 0 as g!1 ð21Þ
The physical quantities of interest are the skin friction coef-
ﬁcient Cf and the local Nusselt number Nux, which are deﬁned
as
Cf ¼
2lf
qfðuwðxÞÞ2
@u
@y
 
y¼0
; Nux ¼ xqw
kðTw  T1Þ ð22Þ
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Figure 2 Effect of magnetic parameter M on velocity distribu-
tion F0(g) when Pr= 6.2 and /= 0.1.
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Figure 3 Effect of magnetic parameter M on temperature
distribution h(g) when Pr= 6.2 and /= 0.1.
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 
y¼0
is the local surface heat ﬂux. Using (8)
and (18) we obtain
Re1=2x Cf ¼ 2F00ð0Þ ð23Þ
Re1=2x Nux ¼ h0ð0Þ ð24Þ
where Rex ¼ xuwðxÞ=vf is the local Reynolds number based on
the stretching velocity uwðxÞ and Re1=2x Cf is the reduced skin
friction coefﬁcient. Kuznetsov and Nield [7] referred
Re1=2x Nux as the reduced Nusselt number.
5. Numerical method for solution
The non-linear coupled differential Eqs. (19) and (20) along
with the boundary conditions (21) form a two point boundary
value problem and are solved using Nachtsheim–Swigert
shooting iteration technique [11] together with fourth order
Runge–Kutta integration scheme by converting it into an ini-
tial value problem. In this method we have to choose a suitable
ﬁnite value of gﬁ1, say g1. We set following ﬁrst order
system:
F0 ¼ p; p0 ¼ q; q0 ¼ð1/Þ2:5 1/þ/ qs
qf
 	 

Fqp2 Mp 
h0 ¼ z; z0 ¼
kfPr ð1/Þþ/ ðqCp ÞsðqCp Þf
 
knf
Fz
ð25Þ
with the boundary conditions
Fð0Þ ¼ 0; pð0Þ ¼ 1; hð0Þ ¼ 1 ð26Þ
To solve (25) with (26) as an initial value problem we must
need the values for q(0) i.e.F00(0) and z(0) i.e. h0(0) but no such
values are given. The initial guess values for F00(0) and h0(0) are
chosen and the fourth order Runge–Kutta integration scheme
is applied to obtain the solution. Then we compare the calcu-
lated values of F0(g) and h(g) at g1 with the given boundary
conditions F00(g1) = 0 and h(g1) = 0, and adjust the values
of F00(0) and h0(0) using Nachtsheim–Swigert shooting iteration
technique to give better approximation for the solution. The
step size is taken as Dg= 0.0001. The process is repeated until
we get the results correct up to the desired accuracy of 108 le-
vel, which fulﬁlls the convergence criterion.
6. Results and discussion
Employing the above numerical procedure, the numerical
solution for the steady laminar two-dimensional ﬂow of an
incompressible viscous nanoﬂuid over a linearly semi-inﬁnite
stretching sheet is obtained. The effects of the solid volume
fraction of nanoparticles /, the Prandtl number Pr and theTable 2 Comparison of results for the local skin friction coefﬁcien
M / F00(0) Hamad[10] (Analytical)
Cu Ag Al2O3 Ti
0 0.05 1.10892 1.13966 1.00538 1.0
0.15 1.20886 1.27215 0.98185 0.9
0.2 1.21804 1.28979 0.95592 0.9
2 0.05 1.72887 1.74875 1.66436 1.6
0.15 1.67140 1.71773 1.51534 1.5
0.2 1.62126 1.67583 1.43480 1.4magnetic parameter M are analyzed for different types of
nanoparticles when the base ﬂuid is water. Nanoparticle vol-
ume fraction / is varied from 0 to 0.2 and the magnetic param-
eter is varied from 0 to 2. The Prandtl number is ﬁxed as 6.2
which is for pure water. The nanoparticles used in the study
are metallic solids (Cu, Ag) and non-metallic solids (Al2O3,
TiO2). In order to validate our numerical result, we have com-
pared our results with those of Hamad [10] for local skin fric-
tion coefﬁcient F00(0). The comparison in the above cases is
found to be in excellent agreement, as shown in Table 2. It is
clear that F00(0) increases with the increase in Magnetic
parameter and nanoparticle volume fraction parameter.
Figure 2 illustrates the effect of magnetic parameter M on
the dimensionless velocity of the nanoﬂuid in the case of Cut F00(0).
F00(0) (Present Numerical)
O2 Cu Ag Al2O3 TiO2
1150 1.1089207 1.1396602 1.0053797 1.0115104
9603 1.2088625 1.2721531 0.9818474 0.9960410
7259 1.2180440 1.2897881 0.9559225 0.9726024
6806 1.7288700 1.7487500 1.6643600 1.6680601
2457 1.6713980 1.7177294 1.5153352 1.5245650
4596 1.6212641 1.6758341 1.4347985 1.4459580
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Figure 4 Effect of / on velocity distribution F0(g) when Pr= 6.2
and M= 1.
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Figure 5 Effect of / on temperature distribution h(g) when
Pr= 6.2 and M= 1.
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Figure 6 Effect of Prandtl number on temperature distribution
h(g) when /= 0.1 and M= 1.
0 1 2 3 4 5 6 7 8 9 10
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
Ag, Cu, Al2O3, TiO2
Figure 7 Velocity proﬁles for different types of nanoﬂuids when
/= 0.1, M= 1.
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Figure 8 Temperature proﬁles for different types of nanoﬂuids
when Pr= 6.2, /= 0.1 and M= 1.
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Figure 9 Effect of nanoparticle volume fraction / on reduced
Nusselt number.
308 N. Vishnu Ganesh et al.– Water when Pr= 6.2. It can be seen that the increasing val-
ues of magnetic parameter decrease the dimensionless velocity
of the nanoﬂuid. The presence of magnetic parameter leads to
a decrease in the thickness of the momentum boundary layer
proﬁle and tends asymptotically to zero as the distance in-
creases from the boundary.
Figure 3 depicts the effect of magnetic parameter on the
dimensionless temperature proﬁle of the Cu – Water. It is clear
that an increase in the magnetic parameter increases the tem-
perature proﬁle. This shows that the thermal boundary layer
becomes thicker due to the effect of increasing magnetic ﬁeld.
Thus, the presence of the magnetic ﬁeld causes the nanoﬂuid
temperature proﬁle to increase.The effect of nanoparticle volume fraction parameter / on
the velocity proﬁle of Cu – Water is shown in the Figure 4. It is
noted that the increasing values of the nanoparticle volume
fraction parameter / is decrease the velocity proﬁle. This is
due to the fact that the presence of nano-solid-particles leads
to further thinning of the boundary layer. It is clear that the
increasing values of nanoparticle volume fraction decreases
the dimensionless velocity.
Figure 5 shows the effect of nanoparticle volume fraction
parameter / on the temperature proﬁle. The presence of nano-
particle volume fraction leads to an increase in the thickness of
the thermal boundary layer proﬁle. This is because solid parti-
cles have high thermal conductivity, so the thickness of the
thermal boundary layer increases.
Table 3 Values of h0(0) for various values of M and / when Pr= 6.2.
M / h0(0)
Cu Ag Al2O3 TiO2
0 0.05 1.5500001 1.5327023 1.5756510 1.5977799
0.15 1.1785098 1.1384695 1.2363100 1.2949499
0.20 1.0161489 0.9692299 1.0845560 1.1598065
1 0.05 1.4749200 1.4591660 1.4947500 1.5172125
0.15 1.1243800 1.0868601 1.1718780 1.2311705
0.20 0.9698680 0.9256201 1.0272200 1.1031672
2 0.05 1.4148091 1.3999590 1.4316959 1.4543474
0.15 1.0790422 1.0423810 1.1203450 1.1798890
0.20 0.9305950 0.8883250 0.9809399 1.0570600
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which is the ratio of the momentum diffusivity and the thermal
diffusivity of base ﬂuid on the dimensionless temperature dis-
tribution of Cu – Water. It is clear that the effect of Prandtl
number is to reduce the temperature of the nanoﬂuid, as it in-
creases and also to reduce the thickness of thermal boundary
layer. Thus the base ﬂuid plays an important role in the heat
transfer of the nanoﬂuid.
Figures 7 and 8 are presented to get a clear idea about the
different nanoparticles when the base ﬂuid is water, /= 0.1
and M= 1. The dimensionless velocity proﬁles for different
nanoﬂuids are shown in Figure 7. It is observed that the differ-
ent nanoﬂuids have different velocities and also noted that
Titanium Oxide has higher velocity when the base ﬂuid is
water with /= 0.1 and M= 1 compared to other nanoparti-
cles such as Cu, Ag, and Al2O3. It is noted that from Figure 8
oxides such as TiO2, Al2O3 have low heat transfer rate than the
metals Ag and Cu. This is because the thermal conductivity of
the metals are greater than the oxides. Thus the temperature
proﬁle of a nanoﬂuid is based on the thermal conductivity of
the nanoparticles.
The effects of nanoparticle volume fraction and the
magnetic parameter on the heat transfer rate are elucidated
in Figure 9. It is clear that the heat transfer rate decreases with
the increase in / and M.
The variation in reduced Nusslet number is shown in Ta-
ble 3. It can be seen that the reduced Nusslet number
Re1=2x Nux decreases with the increase in the nanoparticle vol-
ume fraction and the magnetic parameter. In general we can
say that the shear stress and the rate of heat transfer change
for different types of nanoﬂuid.
7. Conclusion
The steady two-dimensional ﬂow of an incompressible water
based nanoﬂuid over a linearly semi-inﬁnite stretching sheet
in the presence of magnetic ﬁeld is investigated numerically.
Lie symmetry group transformations are used to convert the
boundary layer equations into non-linear ordinary differential
equations. The dimensionless governing equations for this
investigation are solved using Nachtsheim–Swigert shooting
iteration technique together with fourth order Runge–Kutta
integration scheme. From the present numerical investigation
we may conclude the followings: In boundary layer region, the velocity of nanoﬂuid
decreases with the increase in the nanoparticle volume frac-
tion parameter and the magnetic parameter. The presence
of nanoparticles and the magnetic ﬁeld leads to thinning
of the momentum boundary layer.
 The increasing values of nanoparticle volume fraction
increases the temperature proﬁle of the nanoﬂuid. Addition
of nanoparticles in the base ﬂuid induces the rate of heat
transfer.
 The temperature of the nanoﬂuid increases with the increase
in the magnetic ﬁeld strength. The presence of magnetic
ﬁeld increases the heat transfer rate.
 The effect of increasing the values of Prandtl number is to
decrease temperature distribution in the ﬂow region.
 The reduced skin friction coefﬁcient increases with the
increase in the nanoparticle volume fraction and the Mag-
netic parameter.
 The reduced Nusslet number Re1=2x Nux decreases with the
increase in the nanoparticle volume fraction and the mag-
netic parameter.
 The velocity of the non-metallic nanoparticles such as TiO2,
Al2O3 is greater than metallic nanoparticles Cu and Ag
when the base ﬂuid is water. But the temperature of the
non-metallic nanoparticles is lower than the metallic
nanoparticles.
 The nanoﬂuid will be important in the cooling and heating
processes.Acknowledgements
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